Abstract We have used visual and Johnson V observations from the American Association of Variable Star Observers (AAVSO) International Database, and the AAVSO VSTAR timeseries package, and (O-C) analysis to investigate possible changes in the pulsation period and amplitude of the pulsating red giants U Del, EU Del, X Her, and Y Lyn around the cycle of their long secondary periods (LSPs). We find no such changes in period or amplitude. This suggests (weakly) that the process which causes the long secondary periods does not change the physical properties of the visible hemisphere of the stars significantly as the LSP cycle proceeds.
Introduction
About a third of pulsating red giants (PRGs) show a long secondary period (LSP), 5 to 10 times longer than the pulsation period, depending on the pulsation mode (Wood 2000, Percy and Bakos 2003) . The cause of the LSP is uncertain. This is one of several unexplained phenomena in PRGs. The purpose of this short paper is to investigate whether the pulsation period and/or the amplitude changes around the LSP cycle.
We do this by examining four stars -U Del, EU Del, X Her, and Y Lyn -which have well-determined LSPs, and which have precise photoelectric/CCD observations as well as visual observations in the database of the American Association of Variable Star Observers (AAVSO). The pulsation properties of the four stars are given in Table 1 , which lists the pulsation period P in days, its visual semi-amplitude, the LSP in days, and its visual semi-amplitude. They are average values; it is known that the pulsation periods and the LSPs and their amplitudes "wander" with time.
Data and Analysis
We used visual and Johnson V (PEP or CCD) observations from the AAVSO International Database (AID: Kafka 2018), the AAVSO VSTAR time-series analysis package (Benn 2013 ) which includes both a Fourier analysis and a wavelet analysis routine, and (O-C) analysis to study the periods and amplitudes of the four PRGs. The LSP is 624.2 days, and t(0) is JD 2447450. There is no evidence that the (O-C) values, and hence the pulsation period depend on the LSP phase.
Results

Previously-Known Time Scales of Period and Amplitude Variation
It is already known, from the study of dozens of stars, that the periods of PRGs vary or "wander" on time scales of about 40 pulsation periods (Eddington and Plakidis 1929 , Percy and Colivas 1999 , Percy and Qiu 2018 , and the amplitudes of PRGs vary on time scales of 20-35 pulsation periods Abachi 2013, Percy and Laing 2017) . This is strong evidence that the pulsation periods and amplitudes do not vary primarily on the same time scale as the LSPs, which are only 5-10 pulsation periods in length.
Specifically-Determined Time Scales of Period and Amplitude Variations
We used the wavelet routine in VSTAR to study the change in period and amplitude in the last three LSP cycles in the four program stars, to see whether there might be three cycles of period and/or amplitude variation. The results are given in Table 2 , which lists the star, the JD range (minus 2400000), and a description of the behavior of the pulsation period and amplitude.
In no case does the period or amplitude vary on the LSP time scale. The variations are much slower than the LSP, and consistent with the time scales given in section 3.1.
(O-C) Analysis of Period Variations versus LSP Phase
(O-C) analysis (Percy 2007, p. 68 ) is an alternative method for studying period changes with time. Our stars have precise Johnson V observations which can be used to determine times of maximum in the pulsation cycle. We also have accurate values of the pulsation period and LSP.
EU Del is best suited for this analysis, and will be used to demonstrate it. Its pulsation period and LSP are especially well-determined. It has extensive photometry which can be used to determine times of pulsation maximum. Table 3 lists times of pulsation maximum, minus 2400000, their (O-C) values, and their LSP phase, using the first pulsation maximum as t(0). Figure 1 shows a plot of pulsation (O-C) versus LSP phase. There is no correlation; Figure  1 is a scatter diagram. Similar results were obtained for the other three stars. There was no Figure 2 : The pulsation semi-amplitude for U Del, determined from PEP/CCD data, versus the phase in the long secondary period. There is no evidence that the pulsation amplitude depends on the LSP phase. The same is true for EU Del and X Her (Table 2) . correlation between (O-C) and LSP phase. (O-C)s during a single LSP cycle were either constant within the observational error, or varied slowly as part of the longer timescale variability discussed above.
The analysis was complicated, in some cases, by the fact that the pulsation amplitude sometimes decreased to close to zero at some epochs as part of its long-term variation. It was therefore difficult to identify times of pulsation maximum around those times.
Pulsation Amplitude versus LSP Phase
U Del, EU Del, and X Her have series of Johnson V observations which can be used to estimate the pulsation amplitude. Table 4 lists the semi-amplitudes (to be consistent with the output of VSTAR) and the mean JDs (minus 2400000) of such series. In none of the three stars is there a relation between pulsation amplitude and LSP phase. Figure 2 shows one example: for U Del. The graph of pulsation semi-amplitude versus LSP phase is a scatter diagram. On the other hand: Table 4 shows that the pulsation amplitude varies more slowly, on a time scale of several LSPs (20-35 pulsation periods), consistent with the discussion in section 3.1.
Discussion
There is no generally-accepted and proven explanation for the "wandering" pulsation periods, variable amplitudes, and LSPs in pulsating red giants. The wandering pulsation periods have been modelled as random cycle-to-cycle fluctuations. These might be connected with random convective motions. Large convective cells have long been predicted to occur in the outer layers of PRGs, and have recently been imaged on a PRG (Paladini et al. 2018) . The turnover times and rotational-variability times of these are expected to be much longer than the pulsation period; see Percy and Deibert (2016) for a discussion.
One might expect LSP-phase-dependent variations in pulsation period and amplitude if the LSP was produced by significant changes in the physical properties of the stellar surface facing the observer. This would include the turnover of large convective cells, or the rotation of large convective cells onto and off the visible hemisphere. On the other hand: if the LSP was due to a well-detached binary companion, or to a large cloud of dust, orbiting the star, or any other external process, then the stellar surface and its pulsation properties would not be expected to change significantly. The binary scenario is discussed by Soszyński and Udalski (2014) . EG And is a specific example. It has a pulsation period of 29 days and an LSP of 242 days (Percy et al. 2001) . The LSP is exactly half of the orbital period of 483.3 days (Kenyon and Garcia 2016) . Many other PRGs are likely to have binary companions.
Conclusions
From a study of four well-studied pulsating red giants with LSPs, we find no evidence that the pulsation period and amplitude vary with LSP phase. Both vary on much longer (and different) time scales. Our results suggest, weakly, that the LSP process -whatever it is -does not produce significant variations in the physical properties of the visible hemisphere of the star. 
